We consider a singular Sturm-Liouville expression with the indefinite weight sgn x. To this expression there is naturally a self-adjoint operator in some Krein space associated. We characterize the local definitizability of this operator in a neighbourhood of ∞. Moreover, in this situation, the point ∞ is a regular critical point. We construct an operator A = (sgn x)(−d 2 /dx 2 + q) with non-real spectrum accumulating to a real point. The obtained results are applied to several classes of Sturm-Liouville operators.
Introduction
We consider the singular Sturm-Liouville differential expression a(y)(x) = (sgn x)(−y ′′ (x) + q(x)y(x)), x ∈ R, (1.1)
with the signum function as indefinite weight and a real potential q ∈ L 1 loc (R). We assume that (1.1) is in the limit point case at both −∞ and +∞. This differential expression is naturally connected with a self-adjoint operator A in the Krein space (L 2 (R), [ . , . ] ) (see e.g. [12] ), where the indefinite inner product [·, ·] is defined by
The operator J : f (x) → (sgn x)f (x) is a fundamental symmetry in the Krein space (L 2 (R), [ . , . ] ). Let us define the operator L := JA. Then L = −d 2 /dx 2 + q is a self-adjoint Sturm-Liouville operator in the Hilbert space L 2 (R). It was shown in [12] that if L is a non-negative operator in the Hilbert space sense then A is a definitizable operator with ∞ as a regular critical point.
In general, the operator A may be not definitizable (in Section 3 we give a criterion). However, under certain assumptions, A is still locally definitizable over an appropriate subset of C. It seems that the first result of such type was obtained in [5] for the operator y → 1 w [(py ′ ) ′ + qy] with w as indefinite weight function. Note that in [5] w may have many turning points, but rather strong assumptions on the spectra of certain associated self-adjoint operators are supposed.
As a main result we show the equivalence of the semi-boundedness from below of the operator L and the local definitizability of the operator A in a neighbourhood of ∞. Moreover, we give a precise description of the domain of definitizability of A. If L is semi-bounded from below, we show the existence of a decomposition A = A ∞+ A b such that the operator A ∞ is similar to a self-adjoint operator in the Hilbert space sense and A b is a bounded operator, that is, the point ∞ is a regular critical point. Hence, the non-real spectrum of A remains bounded. But, in contrast to the case of a non-negative operator L, now the non-real spectrum may accumulate to the real axis. We prove in Section 4 the existence of an even continuous potential q with a sequence of non-real eigenvalues of A accumulating to a real point. This potential q can be chosen in such a way that A is definitizable over C \ {0}.
Finally, in Section 5, we discuss the spectrum and the sets of definitizability of A for various classes of potentials q.
Differential operators with indefinite weights appears in many areas of physics and applied mathematics (see [4, 21, 28, 43] and references therein). Under certain assumptions such operators are definitizable; this case was studied extensively (see [8, 12, 13, 14, 15, 18, 19, 20, 32, 35, 36, 42, 44, 47] and references therein). In [5, 6, 7, 29, 31, 33, 34] certain classes of differential operators that contain definitizable as well as not definitizable operators were considered.
Notation: Let T be a linear operator in a Hilbert space H. In what follows dom(T ), ker(T ), ran(T ) are the domain, kernel, range of T , respectively. We denote the resolvent set by ρ(T ); σ(T ) := C \ ρ(T ) stands for the spectrum of T . By σ p (T ) the set of eigenvalues of T is indicated. The discrete spectrum σ disc (T ) is the set of isolated eigenvalues of finite algebraic multiplicity; the essential spectrum is σ ess (T ) := σ(T ) \ σ disc (T ). We denote the indicator function of a set S by χ S (·).
2 Sturm-Liouville operators with the indefinite weight sgn x
Differential operators
We consider the differential expression
with a real potential q ∈ L 1 loc (R). Throughout this paper it is assumed that we have limit point case at both −∞ and +∞. We set
Let D be the set of all f ∈ L 2 (R) such that f and f ′ are absolutely continuous with ℓ(f ) ∈ L 2 (R). On D we define the operators A and L as follows:
We equip L 2 (R) with the indefinite inner product ] ) is a Krein space (for the definition of a Krein space and basic notions therein we refer to [2] 
Obviously, A = JL holds.
Since the differential expressions a(·) and ℓ(·) are in the limit point case both at +∞ and −∞, the operator L is self-adjoint in the Hilbert space L 2 (R). As A = JL, the operator A is self-adjoint in the Krein space L 2 (R, [ . , . ]).
Definition 2.1. We shall say that A is the operator associated with the differential expression a(·).
Titchmarsh-Weyl coefficients
In the following we denote by C ± the set {z ∈ C : ±Im z > 0}. Let c λ (x) and s λ (x) denote the fundamental solutions of the equation
which satisfy the following conditions
3) is limit-point at +∞, the Titchmarsh-Weyl theory (see, for example, [40] ) states that there exists a unique holomorphic function m + (λ), λ ∈ C + ∪ C − , such that the function
. Similarly, the limit point case at −∞ yields the fact that there exists a unique holomorphic function
We put
It is easy to see that for λ ∈ C + ∪ C − the functions
belongs to L 2 (R). Moreover, the following formula (see [40] ) for the norms of ψ
It follows easily from (2.5) that the functions M + and M − (as well as m ± ) belong to the class (R). Moreover, the functions M ± have the following asymptotic behavior
), see [17] . Here and below √ z is the branch of the multifunction on the complex plane C with the cut along R + , singled out by the condition √ −1 = i.
The non-real spectrum of A
In the following we identify functions f ∈ L 2 (R) with elements
and L 2 (R − ) are both regular at the endpoint 0 and in the limit point case at the singular endpoint +∞ and −∞, respectively. Therefore the operators 
, respectively, cf. [45, 46] . In the following we consider dom A ± min as subsets of L 2 (R). Then above considerations imply the following lemma. 
where
In the following proposition we collect some spectral properties of A.
Proposition 2.4. Let A be the operator associated with the differential expression a(·). Then:
(iv) The essential spectrum σ ess (A) of A is real and
. The sets σ p (A) ∩ C ± are at most countable with possible limit points belonging to σ ess (A) ∪ {∞}.
For a proof of Proposition 2.4 we refer to [34, Proposition 2.5] and [30, 31] . We mention only that the statements (iii) and (iv) follow from the first and second statement and (2.6).
3 Criterions for definitizability
Definitizable and locally definitizable operators
Let (H, [ . , . ]) be a Krein space and let A be a closed operator in H. We define the extended spectrum σ e (A) of A by σ e (A) := σ(A) if A is bounded and σ e (A) := σ(A) ∪ {∞} if A is unbounded. We set ρ e (A) := C \ σ e (A). A point λ 0 ∈ C is said to belong to the approximative point spectrum σ ap (A) of A if there exists a sequence (x n ) ⊂ dom(A) with x n = 1, n = 1, 2, . . . , and (A − λ 0 )x n → 0 if n → ∞. For a self-adjoint operator A in H all real spectral points of A belong to σ ap (A) (see e.g. [9, Corollary VI.6.2]).
First we recall the notions of spectral points of positive and negative type.
The following definition was given in [37] , [39] (for bounded self-adjoint operators).
The point ∞ is said to be of positive (negative) type of A if A is unbounded and for every sequence (x n ) ⊂ dom(A) with lim n→∞ x n = 0 and Ax n = 1 we have
We denote the set of all points of σ e (A) of positive (negative) type by σ ++ (A) (resp. σ −− (A)). We shall say that an open subset δ of R (= R ∪ ∞) is of positive type (negative type) with respect to A if
An open set δ of R is called of definite type if δ is of positive or negative type with respect to A.
The sets σ ++ (A) and σ −− (A) are contained in R. The non-real spectrum of A cannot accumulate at a point belonging to an open set of definite type.
Recall, that a self-adjoint operator A in a Krein space (H, [ . , . ]) is called definitizable if ρ(A) = ∅ and there exists a rational function p = 0 having poles only in ρ(A) such that [p(A)x, x] ≥ 0 for all x ∈ H. Then the non-real part of the spectrum of A consists of no more than a finite number of points. Moreover, A has a spectral function E defined on the ring generated by all connected subsets of R whose endpoints do not coincide with the points of some finite set which is contained in {t ∈ R : p(t) = 0}∪{∞} (see [38] ).
A self-adjoint operator in a Krein space is definitizable if and only if it is definitizable over C in the sense of the following definition (see e.g. [24, Definition 4.4]), which localizes the notion of definitizability. 
for all λ ∈ U \ R.
(ii) Every point λ ∈ Ω ∩ R has an open connected neighbourhood I λ in R such that both components of I λ \ {λ} are of definite type (cf. Definition 3.1) with respect to A.
A self-adjoint operator definitizable over Ω where Ω is as in Definition 3.2 possesses a local spectral function E. For the construction and the properties of this spectral function we refer to [24] (see also [23] ). We mention only that E(∆) is defined and is a self-adjoint projection in (H, We will make use of the following perturbation result, see [6] .
is a finite rank operator for some 
such that one of the sets S j , j = 1, 2, is a subset of
and another one is a subset of
The operator A .2)). Hence the following lemma is a easy consequence of Definitions 3.1 and 3.2. 
It follows from Proposition 2.4 and σ(A
+ 0 ⊕ A − 0 ) ⊂ R that ρ(A) ∩ ρ(A + 0 ⊕ A − 0 ) = ∅. Let λ 0 ∈ ρ(A) ∩ ρ(A + 0 ⊕ A − 0 ). The operators A + 0 ⊕ A − 0 and A are extensions of A min and dim dom(A + 0 ⊕ A − 0 )/ dom(A min ) = dim (dom(A)/ dom(A min )) = 2.
This implies that (A
is an operator of rank 2. Then [25] and Lemma 3.5 imply the following theorem. 
Local definitizability of A
In this subsection we consider Sturm-Liouville operators defined as in Section 2 and we prove that the operator A is a definitizable operator in a certain neighbourhood of ∞ (in the sense of the Krein space (L 2 (R), [ . , . ])) if and only if the operator L is semi-bounded from below (in the sense of the Hilbert space L 2 (R)).
The operator A 
is an operator of rank 2. Combining Lemma 3.9 and Theorem 3.3, Theorem 3.10 is proved.
By Theorem 3.10, the semi-boundedness of L implies the definitizability of A over some domain. Now we give a precise description of the domain of definitizability of A in terms of the spectra of A + 0 and A − 0 . Let T be an operator such that σ(T ) ⊂ R. Let us introduce the sets σ lef t (T ) and σ right (T ) by the following way: a point λ ∈ R (= R ∪ ∞) is said to belong to σ lef t (T ) (σ right (T )) if there exists an increasing (resp. decreasing) sequence {λ n } ∞ 1 ⊂ σ(T ) such that lim n→∞ λ n = λ. Note that The following statement is a simple consequence of Theorem 3.10, Theorem 3.11, and (3.8). 
Regularity of the critical point ∞
In the sequel we will use a result which follows easily from [12 The following theorem can be considered as the main result of this note.
Theorem 3.15. Assume that assertions (i), (ii) of Theorem 3.10 hold true. Then there exists a decomposition
such that the operator A ∞ is similar to a self-adjoint operator in the Hilbert space sense and A b is a bounded operator.
Remark 3.16. The conclusion of Theorem 3.15 is equivalent to the regularity of critical point ∞ of the operator A.

Proof of Theorem 3.15.
Assume that A is an operator definitizable over {λ ∈ C : |λ| > R}, R > 0. By Theorem 3.10, this is equivalent to the fact that L ≥ η 0 for certain η 0 ∈ R.
Denote by E A the spectral function of A. Choose r > R such that σ(A) \ R ⊂ {λ ∈ C : |λ| ≤ r} and E A (R \ (−r, r)) is defined. Then A decomposes,
and the following statements holds (cf. [22, Theorem 2.6]):
A 0 is a bounded operator and σ(A 0 ) ⊂ {λ : |λ| ≤ r}.
Let us show that ∞ is not a singular critical point of A 1 . Consider the operator A 2 defined by A 2 = A 1+ 0, where the direct sum is considered with respect to the decomposition
and 0 is the zero operator in the subspace ran(I − E A (R \ (−r, r))). Since A 0 is a bounded operator, we have dom(A 2 ) = dom A. 
It is easy to see that
is a definitizable nonnegative operator in the Krein space (L 2 (R), [ . , . ] ). By Proposition 3.14, ∞ is not a singular critical point of A. TheĆurgus criterion of the regularity of critical point ∞, see [11, Corollary 3.3] , implies that ∞ is not a singular critical point of the operator A 2 . So ∞ is not a singular critical point of A 1 .
It follows from L ≥ η 0 and Lemma 3.5 that for sufficiently large r 1 > 0 the set (−∞, −r 1 ] is of negative type and the set [r 1 , +∞) is of positive type with respect to A + 0 ⊕ A − 0 . Combining this with Theorem 3.3, we obtain that there exists r 2 ≥ r 1 such that (−∞, −r 2 ] is of negative type and the set [r 2 , +∞) is of positive type with respect to the operator A. Evidently, we obtain the desired decomposition
where A b is a bounded operator and A ∞ is similar to a self-adjoint operator in the Hilbert space sense.
Accumulation of non-real eigenvalues to a real point
By Proposition 2.4 (i), the non-real spectrum σ(A) \ R of A consists of eigenvalues. Let S A be the set defined by (3.9). The following proposition is a consequence of Theorems 3.11 and 3.10.
Proposition 4.1. If λ is an accumulation point of σ(A) \ R, then λ ∈ S A . In particular, if the operator
is semi-bounded from below, then non-real spectrum of A is a bounded set.
The goal of this subsection is to show that there exists a potential q continuous in R such that the set of non-real eigenvalues of the operator A = (sgn x)(−d 2 /dx 2 + q(x)) has a real accumulation point. It is well known (e.g. [40] ) that M + , the Titchmarsh-Weyl m-coefficient for (2.3) (see Subsection 2.2), admits the following integral representation
where Σ + (·) is a nondecreasing scalar functions such that R (1 + |t|) where supp dτ denotes the topological support of a Borel measure dΣ + on R (i.e., supp dΣ + is the smallest closed set Ω ⊂ R such that dΣ + (R \ Ω) = 0).
Proof. Since q is even, we get m
Proposition 2.4 completes the proof.
The following lemma follows easily from the Gelfand-Levitan theorem (see e.g. [41, Subsection 26.5]). Lemma 4.3. Let Σ(t), t ∈ R, be a nondecreasing function such that
and (4.3)
with certain constants T 1 , T 2 ∈ R, T 1 < T 2 . Then there exists a potential q + continuous in [0, +∞) such that Σ(t) is a spectral function of the boundary value problem
Lemma 4.4. There exist a nondecreasing function Σ(t), t ∈ R, with the following properties:
where 5) and the measure dΣ 2 has the form
(here δ(t) is the Dirac delta-function).
(ii) Conditions (4.3)-(4.4) are valid for Σ with T 1 = −1 and T 2 = 1.
(iii) There exists a sequence ε k > 0, k ∈ N, such that lim k→∞ ε k = 0 and r(ε k ) = 0, k ∈ N, where the function r(ε), ε > 0, is defined by r(ε) := Re
Now, if s k ∈ (−1, 1) for all k ∈ N, then Σ possesses property (ii). We should only choose {s k } ∞ 1 ⊂ (−1, 1) such that statements (iii) holds true.
Consider for ε ≥ 0 the functions
Let s k = 0 for all k ∈ N. Then r n are well-defined and continuous on [0, +∞). Besides, lim n→∞ r n (ε) = r(ε) for all ε > 0. It is easy to see that lim ε→∞ r n (ε) = 0, n ∈ N. Since r n are continuous on [0, +∞), we see that SUP n := sup
Now we give a procedure to choose s k ∈ (−1, 1) \ {0}. Let s 1 be an arbitrary number in (−1, 0) such that
Let us show that we may choose a number b 1 such that (4.9) implies
Indeed, (4.8) and (4.7) yield
and therefore (4.10) is valid whenever 0 < b 1 < πs
and therefore
Continuing this process, we obtain a sequence {s k } ∞ 1 ⊂ (−1, 1) \ {0} with the following properties:
It is easy to show that r is continuous on (0, +∞). Combining this with (4.12), we see that there exists ε k ∈ (|s k−1 |, |s k |) such that r(ε k ) = 0, k ∈ N. Besides, (4.11) implies lim |s k | = lim ε k = 0. 
Some classes of Sturm-Liouville operators
As an illustration of the results from the previous sections, we discuss in this section various potentials q ∈ L 1 loc (R) such that the differential operator A = (sgn x)(−d 2 /dx 2 + q) is definitizable over specific subsets of C. As before it is supposed that the differential expression (2.1) is in limit point case at +∞ and at −∞ (for instance, the letter holds if lim inf |x|→∞ q(x) x 2 > −∞, see e.g., [47, Example 7.4 .1]).
The case q(x) → −∞
In this subsection we assume that for some X > 0 the potential q has the following properties on the interval (X, +∞): q ′ , q ′′ exist and are continuous on (X, +∞), (ii) Let A − 0 be not semi-bounded from above. Then A is definitizable over C and there exists no domain Ω in C with ∞ ∈ Ω such that A is definitizable over Ω. The only possible accumulation point for non-real spectrum of A is the point ∞.
Note that A − 0 is not semi-bounded from above if lim x→−∞ q(x) = −∞.
Summable potentials
We denote by q neg (x) := min{q(x), 0}, x ∈ R. We mention (cf. [5] ) that Assumption 5.2, and therefore the statements of Theorem 5.3, hold true if q ∈ L 1 (R).
Remark 5.4. By Theorem 3.15 (see also [12] ) we have that if the operator A = (sgn x)(−d 2 /dx 2 + q) is definitizable, then ∞ is its regular critical point. In the case when A has a finite critical point, the question of the character of this critical point is difficult (see [13, 14, 18, 19, 33, 34, 32] and references therein). Let us mention one case. Assume that q is continuous in R and R (1 + x 2 )|q(x)|dx < ∞, then min σ ess (A + 0 ) = max σ ess (A − 0 ) = 0 and N + < ∞ and N − < ∞ (see [40] [18] that 0 is a regular critical point of A.
In the following case, more detailed information may be obtained. (ii) If lim sup x→∞ x 2 q(|x|) < −1/4, then the operator A is not definitizable. It is definitizable over C \ {0}.
Proof. The statement follows directly from [16, Corollary XIII.7 .57], which was proved in [16] for infinitely differentiable q. Actually, this proof is valid for bounded potentials q. Finally, note that lim x→∞ q(|x|) = 0 implies that q is bounded on (−∞, −X] ∪ [X, +∞) with X large enough. On the other hand, L 1 perturbations of potential q on any finite interval does not change σ ess (A is not definitizable. It is definitizable over C \ {0}.
It was shown above that under certain assumption on the potential q the operator A = (sgn x)(−d 2 /dx 2 + q) is not definitizable, but it is definitizable over the domain C \ {λ 0 }, where λ 0 ∈ R (λ 0 = ∞ in Example 5.1 and λ 0 = 0 in Example 5.6). In this case, unusual spectral behavior may appear near points of the set c(A) ∪ {λ 0 } only (c(A) is the set of critical points, see Subsection 3.1). Indeed, a bounded spectral projection E A (∆) exists for any connected set ∆ ⊂ R \ {λ 0 } such that the endpoints of ∆ do not belong to c(A) ∪ {λ 0 }. Note also that c(A) is at most countable and that λ 0 is the only possible accumulation point of the non-real spectrum of A.
